Abstract. We consider certain computational aspects of upscaling fluid flows through deformable porous media. We start with pore level models and discuss upscaled (homogenized) equations and respective cell problems. Analytical solution of a cell problem in certain geometry, as well as an accurate numerical procedure for the general case, are presented. A microscale (pore level) fluidstructure interaction (FSI) problem is formulated in terms of incompressible Newtonian fluid and a linearized elastic solid. At least three different macroscopic models can be derived from this microscale formulation, depending on the assumptions on the fluid-structure interface. The first two are the well-known linear poroelasticity model [M. Biot, J. Appl. Phys., 12 (1941), pp. 155-164] and its nonlinear extension [C. K. Lee and C. C. Mei, Int. J. Eng. Sci., 35 (1997), pp. 329-352]. Both are derived under the assumption of small (at pore level) displacements of the interface with the difference that the first model excludes pore scale rigid body motions, while the second one accounts for them. A third macroscopic model is explained below. It concerns a particular case, namely, a porous medium formed by long parallel channels with thick elastic walls. An asymptotic solution to the FSI problem is derived for such a geometry, allowing finite (at pore scale) displacements for the interfaces. A nonlinear Darcy-type upscaled equation for the averaged pressure is obtained. The cell problems for each of the above cases, as well as a numerical algorithm for solving these cell problems, are discussed. The microscale cell FSI problems are treated numerically by an iterative procedure which solves sequentially fluid and solid subproblems and couples them via the interface conditions. Numerical and asymptotic solutions are found to converge to each other, thus validating both the numerical solver and the analytical derivation.
Introduction.
Flows in rigid and in deformable porous media are an essential part of many engineering and environmental processes, such as groundwater flow, reservoir engineering, various filtering devices, catalytic converters, microfluidic sensors, etc. Many multiscale problems for slow flow in saturated rigid porous media or media with a linear elastic skeleton are well understood (see, e.g., [7, 44] ), and the accumulated knowledge is widely used in practical applications. Flow in porous media was first studied experimentally by [17] in the simplest possible setting of a rigid skeleton. Proper upscaled models for Stokes flow based on the homogenization method appeared later [51, 8, 50] and rely on so-called unit cell solutions in order to derive a diffusion equation at the macroscale. Darcy-type models in rigid porous media have been extended to more general microscale flows such as faster laminar flows (based on Navier-Stokes equations) [22, 7, 42, 21, 11] , flows of viscoelastic fluids [52] , flows of generalized Newtonian fluids [38, 12, 13, 2] , or slow laminar flow of incompressible fluid over and within a porous bed [32, 34] .
Considering flows in rigid porous media as multiscale problems allows us not only to get a better understanding of the underlying processes but also provides practical approaches for determining the coefficients of the macroscopic equations. Under certain restrictions (e.g., periodicity or statistic homogeneity), one can calculate coefficients in macroscopic equations by solving so-called cell problems [44, 30] . Fore example, solving Stokes problem at pore (micro-) level allows us to calculate permeability at meso-scale, while solving Darcy problem at mesoscale allows to calculate permeability tensor at macroscale. Discussions on numerical methods in Stokes to Darcy upscaling can be found, for example, in [31, 46] . Proper cell problems in the meso-to macroscale upscaling, as well as numerical methods for solving such problems, can be found, for example, in [55, 47, 1] .
The case of a deformable porous medium is more complicated, and much research is still needed to better understand respective multiscale problems. At the microscopic (pore) level one has a deformable skeleton surrounded by fluid flow. There exists a wide range of macroscale equations, which are used in the simulation of industrial and environmental problems involving flow in deformable porous media (cf., e.g., [36] and the references therein). Most of these models are derived at macroscale in a semiempirical way, and the coefficients are usually fitted on the basis of measurements, when possible. Opposite to the above approach, our aim is to consider and analyze the flow in deformable porous media as a multiscale problem. Depending on the assumptions about the interface, we will distinguish three cases. Case A: Linear poroelasticity. In this case the strains in the solid are small, allowing for the solid to be described by the Lame equations, and the considerations are restricted to small (even at pore level) displacements. Case B: Nonlinear poroelasticity. The displacements here can be decomposed into a rigid body motion at pore level and small extra displacements. Case C: Nonlinear Darcy. Here we consider finite displacement for the interface at pore level. Let us briefly discuss the three cases.
Case A: Linear poroelasticity. Similar to the development of models for Darcy flows, the problem was first studied experimentally by Biot [9] and Bear [7] , who formulated the macroscopic equations for the effective medium. The application of the asymptotic homogenization method [8, 50, 6, 56] has led to theoretical justification of Biot's equation [3, 50, 15, 43] along with appropriate cell problems from which the macroscopic parameters can be computed numerically. These derivations rely on infinitely small fluid-solid interface displacements relative to the pore size. This allows the application of interface conditions at the initial position of the fluid-solid interface, and important properties such as periodicity of the unit cell are preserved. A wide range of applications, for example, in soil consolidation, acoustics, tissue modeling, etc., fall within these limits. However, many other important engineering problems cannot be considered under such restrictions.
Case B: Nonlinear poroelasticity. Under more relaxed assumptions, Lee and Mei [35] have derived a nonlinear macroscopic governing equation by assuming periodic media and allowing the interface displacements to be of the same order as the pore size. It is also assumed that the total deformation of a unit cell can be decomposed into a rigid body motion of each unit cell after which the interface displacement becomes infinitely small in the new reference frame. Under certain symmetry assumptions of the unit cell prior to the deformation it is shown that macroscopic equations reduce to Biot's law.
Case C: Nonlinear Darcy. The most general and least studied problem of flow in deformable porous media occurs when due to problem parameters such as microscopic pressure, the fluid-solid interface deforms considerably at the pore level. In such cases the interface cannot be approximated by a rigid body motion of its initial position, and it is necessary to consider the fluid-structure interaction (FSI) problem at pore level as a problem with an unknown interface. This microscale FSI problem is nonlinear despite the fact that the solid and fluid are described by linear equations. To our knowledge, rigorous upscaling for such a case is not known, even in very simple geometries.
The main targets of this paper are to contribute to a better understanding of the upscaling for porous media flow problems falling into Case C and to present a proper numerical procedure for solving cell problems associated with Case A, Case B, and Case C.
For Case C, we present and discuss analytical and numerical approaches for simple geometries. We restrict ourselves to such two-/three-dimensional microscale geometries, which in turn lead to one-dimensional macroscopic equations. Such porous media can be formed from long straight channels with thick deformable walls (see Figure 7 ), from channels with partially rigid/partial elastic walls (Figure 9 ), from channels with rigid walls in the presence of deformable obstacles, etc.
For Case A, the rigorous derivation via homogenization theory goes along the same lines as in the nonstationary case (see [23, 16, 20, 45] ) and relies on the 2-scale convergence. For the formal derivation using 2-scale expansions we refer the reader to [15, 50, 3] . Formal derivation of the homogenized equations for Case B is in the article [35] . Rigorous justification of the result is still an open challenging problem. In Case C we use a combination of the 2-scale expansion and singular perturbation with respect to the ratio between the width and the length of the channel. In this way an effective nonlinear PDE for the pressure is derived. We note that the permeability in the corresponding Darcy law depends on the pressure in a nonlinear way. The derived equation was validated in comparison with the results from a direct numerical simulation, i.e., from the solution of the microscopic FSI problem.
An advantage of the numerical procedure presented here for the microscopic FSI is that it can also be applied when the scale separation is impossible. That is, for certain geometries, this procedure can become a basis of an efficient iterative scheme between different scales. Such a procedure was successfully used in [18] in connection with a nonlinear diffusion equation.
The reminder of the paper is organized as follows. The microscopic FSI problem is described in the next section. In the third section, macroscopic models and cell problems corresponding to Cases A and B are recalled. In the fourth section, an asymptotic solution for a Case C cell problem is derived. The fifth section presents the discretization and the numerical algorithm used to solve the FSI problems. Numerical results are summarized in the sixth section. Finally, some conclusions are drawn.
The microscopic governing equations.
Before we present the fluid-structure problem at the microscale we begin with a brief summary of the notation used, the formulation of the fluid, and solid problems alone. Consider a continuum body at the pore level. The material points in the body are associated with points p in R 3 . A body is defined as an open subset Ω ⊂ R 3 . We denote the reference configuration by Ω 0 , which represents the body (solid or fluid) before the deformation has begun, and the deformed configuration by Ω. We will use p to denote material coordinates and x to denote spatial ones.
In a FSI problem one has both a solid and a fluid which in this paper will be referred to as phases. We will need several basic concepts on the kinematics of continuum motion which are relevant to both the fluid and solid phase. The notation followed is the one from Gurtin [28] , and the reader is referred to this classical text for more details. Consider a continuous, reversible deformation (cf., e.g., [28, 40] )
so that the reference and deformed configurations (of either the fluid or solid phase) are linked by Ω = x(Ω 0 ). The deformation gradient is denoted by F:
The deformation of solids is naturally described in the reference configuration, and the appropriate stress measure [28, Chapter V, in that case is the first Piola-Kirchhoff stress tensor S(p), a material field. 1 The motion of fluids is naturally described by the Cauchy stress tensor T(x), a spatial field. The two are related by the identity [28, 40] (2.2)
Finally, in order to simplify notation throughout the paper, it is convenient to introduce the symmetric part of the gradient operator:
T for some field w (spatial or material). The solid and fluid problems, and the coupling interface conditions, are presented in the next three subsections.
Solid.
Let u(p) be the displacements in the solid domain,
and let E(p) be the usual infinite small strain [28] :
We restrict our attention to linearized elastic solids only, that is, solids for which
where C is a fourth order elasticity tensor which defines the linear elastic solid, and C : E is well established in the mechanics literature notation for the double contraction, 1 A material field is a scalar, vector, or tensor field which is specified on the reference configuration; that is, it is a function of p. A spatial field is defined on the deformed configuration; that is, it is a function of x. All derivatives are implicitly assumed over the appropriate variable. In that respect, a more detailed, but unnecessary, notation would be ∇xF(x) instead of ∇F(x) and ∇pT(p) instead of ∇T(p), etc.
C : E = C ijmn E mn g i ⊕ g j . The constitutive relation (2.6) is known as the generalized Hooke law. For a formal definition of the tensor C, as well as various other issues concerning this constitutive relation, the reader is referred to the classical work of Gurtin [28] .
Then, given a body force b 0 in the reference configuration, the boundary value problem for a linear elastic solid is stated (in the reference configuration) as follows:
with Dirichlet Γ N 0 = Γ 0 . As will be seen in section 2.3, a traction interface condition similar to (2.9) will be given on the part of the solid boundary which is an interface with the fluid.
2.2.
Newtonian fluid at low Reynolds number. Newtonian fluids are best described using spatial fields. For stationary problems (the spatial description of all involved quantities is time independent), one has a velocity v(x) and, correspondingly, the symmetric part of the velocity gradient, namely, the stretching tensor D(x) given by (2.10)
By definition, a Newtonian fluid is one for which (2.11)
where µ is the absolute viscosity of the fluid. 
the boundary ∂Ω\Γ
I through which fluid is allowed to pass. It is also assumed that the deformation x(p) is such that contact problems or breakup of the boundary do not occur. There are two conditions on the interface. The first is kinematic compatibility; that is, the velocity of the fluid on the interface should be equal to the velocity of the interface itself. This, for a stationary problem, implies that (2.14)
The second condition is continuity of tractions, namely (cf., e.g., [35] ),
where n = n s and n s is the outward normal to the solid domain. The stress T f in the fluid is given by (2.11). The Cauchy stress T s can be expressed in terms of the Piola-Kirchhoff stress using (2.2), which together with Hooke's law (2.6) implies that
The stationary FSI problem therefore consists of finding the interface between the two domains, a velocity, pressure, and displacements which solve the Stokes equations (2.12), (2.13) and Lamé equation (2.7), respectively, and also satisfy the interface conditions (2.14) and (2.16). More formally, the FSI boundary value problem is summarized below in terms of the unknowns Γ I , v, p, and u: Find Γ I , v, p, and u such that (2.17)
and v satisfies the kinematic interface condition (2.14); in addition v, p, and u should also satisfy any boundary conditions that might be specified on ∂Ω\Γ I . Equation It should be noted that a linear constitutive relationship for the solid imposes a certain restriction on the deformation gradient F in the solid. The constitutive relation (2.6) provides an accurate description of a hyperelastic material [28] if there are no large rotations involved. However, this relation does not preclude the analysis of large pore-level deformation of the fluid domain and related consequences when upscaling the flow in such media-the deformation in the solid can easily be described by a linearized relationship, and yet the corresponding deformation of the fluid part of the body at the microscale can be significant. Examples of this type can be found in section 6. On the other hand, the use of the linear relationship significantly simplifies the asymptotic analysis of section 4.
Upscaling of deformable porous media.
As was already mentioned in the introduction, at least three macroscopic models can be derived starting from the microscopic model formulated above. Let us briefly recall them. Depending on the assumptions about the interface, these are linear poroelasticity, nonlinear poroelasticity, and nonlinear Darcy models. In this section we will briefly discuss the first two cases; the third one will be considered in detail in the next section.
In the classical linear poroelasticity it is assumed that the solid is governed by the linearized constitutive relationship (2.6). The form of the homogenized equations depends on the magnitude of the displacements of the microscopic interface Γ I 0 . If one assumes infinitesimal displacements (Figure 2(b) ), the media is described by the classical Biot law (cf., e.g., [9, 35] ). Biot's law for the quasi-steady-state regime is given by
Here p and u are the macroscopic pressure and displacements. In the above equation the inertia effects in both the solid and fluid are disregarded. The interface, however, is assumed to change with time (at time scales much longer than what is required for transients to pass through either the solid and/or fluid), which leads to the time-dependent terms on the right-hand side of (3.2). These equations form the phenomenological theory of [9] . Later, they were rederived via asymptotic homogenization (cf., e.g., [3, 50] ). The reader is referred to [30] for a comprehensive review of several other forms of Biot's equations which incorporate various inertia and memory effects.
Equations (3.1) and (3.2) involve three different sets of cell problems defined on a representative element of volume (REV) and used to determine the effective properties C * , A * , K * , γ * , and β * . These cell problems are standard in the literature on linear poroelasticity, and their exact form can be found, for example, in [19, 35] . They are typically solved numerically, as in the example of a nickel foam, shown in Figure 3 . The coefficient C * is simply the average macroscopic elastic properties of the porous skeleton, while K * is the Darcy permeability for a rigid skeleton. The fluid-solid coupling coefficient A * gives the solid stress due to a unit pressure on the interface. Observe that in the stationary case, the time derivatives of the displacement will disappear from (3.2), and it will decouple from (3.1). In that case one simply solves the linear Darcy flow (3.2) and substitutes the macroscopic pressure p into the elasticity equation (3.1), which can then be solved to obtain the average displacements u .
Various extensions of the linear poroelasticity model have been proposed, based on less restrictive assumptions about the displacements of the interface Γ I . Lee and Mei [35] have recently obtained a generalization of Biot's equations by assuming that the cell displacement can be decomposed into a rigid body motion plus infinitely small deformation ( Figure 2 (c)) and that this rigid body motion is of the same order as the cell size. Using asymptotic expansions, the following nonlinear Biot-type equation on the macroscale was obtained:
Here C, G * , J * , and M * are four additional macroscopic parameters. The reader is referred to [35] for details on the derivation of these macroscopic parameters and the means for their computation. Note that the left-hand side of (3.3) and (3.4) is the same as in Biot's equations and the rigid body motion of the REV introduces convective-like terms only at the right-hand side.
The combination of poroelasticity with large pore-level deformation (Figure 2 (d)) is a complex problem. The first step in deriving upscaled models is to identify the relevant macroscopic upscaling parameters on a simple geometry. Traditionally, models such as Darcy and Biot have first been based on experimental observations; then solutions for the microscopic equations were obtained in channel-like geometries. Later the macroscopic equations were derived in general pore geometries using asymptotic expansions with well-defined cell problems. In the next section an asymptotic solution is derived for a fluid channel, sandwiched between two elastic slabs, undergoing large interface displacements. The resulting equation can be viewed as a one-dimensional, nonlinear Darcy flow.
An asymptotic solution for an elastic channel.
In this section we consider the stationary laminar flow of incompressible Newtonian fluid through a twodimensional channel with linearly elastic walls. The reference geometry of the channel is shown in Figure 4 . Denote by L the length of the channel, by the half of the channel width in the undeformed state, and by δ the thickness of the walls in the undeformed state. It is assumed that the channel is long, compared to its height; that is, the parameter ε is small. Further, it is assumed that ∼ δ. The fluid is driven by a pressure gradient, and the outer walls of the channel are fixed. Due to symmetry, only the upper half of the fluid geometry will be considered; that is, the fluid and solid occupy
respectively. Further, the height of the unknown boundary of the fluid-solid interface is denoted by γ(x). As a result, the fluid in the deformed configuration will occupy
To derive an asymptotic solution to the FSI problem first, the system of equations (2.17)-(2.19) will be normalized for this particular geometry (section 4.1). Then, in section 4.2, a formal expansion of the field variables (pressure, velocity, and displacements) with respect to the small parameter ε will be used to obtain an asymptotic solution of (2.17)-(2.19). This asymptotic solution will further be interpreted as a one-dimensional Darcy flow with a nonlinear permeability.
Dimensionless form. Consider the dimensionless variables
In these notations the fluid (4.4) and solid (4.3) domain are given by
respectively, where
Further, we also have (i = 1, 2):
It is clear that the scaling parameters cannot be chosen independently. Below we will discuss the relations between different scaling parameters.
Dimensionless Stokes equations.
We first rewrite the Stokes system (2.12), (2.13) with respect to dimensionless variables. With the help of (4.9) and (4.10) we get
In general, velocity components and pressure cannot be scaled independently. We chooseV 1 in accordance with maximal velocity of Poiseuille flow in a rigid channel:
The other two scales,V 2 andP , are expressed byV 1 . In our case, the x-derivative of the pressure is the driving force for the flow; therefore, we want to keep it of unit size. Thus, without loss of generality,
Further, we want to have strong conservation of mass. Therefore, we require The Stokes system (4.12)-(4.14) can now be rewritten as
Here we have used the fact that under the assumptions (4.16) and (4.18) we havē
Dimensionless elasticity problem.
Let us now consider the elastic domain. We restrict our attention only to isotropic solids. For an isotropic material, the elasticity tensor (2.6) is necessarily expressed in terms of the two Lamé constants, λ s and µ s (cf., e.g., [40, 28] ), and so the stress tensor reduces to
With the help of (4.11), S of (4.21) can be expressed in terms of the nondimensional variables (4.7) as
Further, assume thatŪ
Using this scaling for the displacements, the stress in the solid becomes
Further, it is also necessary to write the system of elasticity equations (2.7) in nondimensional form. For an isotropic solid, and in the absence of a body force, it is easy to see that (2.7) reduces to
Asymptotic expansion.
Consider now an asymptotic expansion of the field variables with respect to the small parameter ε: Hence, from (4.27) and (4.28) the first two terms in the pressure expansion are found to depend only on the x-coordinate:
Next, (4.29a) is integrated with respect toỹ. The integration limits are from 0 (symmetry line) toỹ, and using the symmetry condition this yields
This equation, after another integration with respect toỹ, fromỹ toγ(x), becomes
In light of the no-slip boundary conditionṽ 
Therefore, the following equation is obtained with respect to p 0 (x):
Observe that (4.34) can be interpreted as a Darcy flow in a one-dimensional porous medium. To do this, fixx and define theỹ-average operator · ỹ :
whereφ(x,ỹ) is a generic function. The average is with respect to the reference width of the fluid channel. Then, after taking the average of (4.32), one obtains
One would now recognize that (4.34) is the conservation of mass for a flow with flux ṽ 1 (x) , driven by a pressure gradient ∂p 0 ∂x . Furthermore, the quantityK,
defined as the ratio of the mass flux and the pressure gradient, can be interpreted as permeability of the channel. The permeability is scaled, as usual, by the fluid viscosity, and so it does not depend on the fluid properties. In the rigid case (γ(x) = 1) it will coincide with the standard Darcy permeability. When the channel is deformable, however, it is not constant but will depend on the third power of the channel opening.
With the definition (4.37) in mind, (4.34) can be rewritten as
The remainder of this section is devoted to obtaining an expression forγ in terms ofp 0 which will close (4.38), so that it can be solved forp 0 with some appropriate boundary conditions. To do this the asymptotic expansion for elasticity system is considered next.
4.2.2.
Asymptotic expansion for elasticity system. Now the asymptotic expansion for u 1 , u 2 is substituted into the elasticity system (4.23), (4.24) . From the first elasticity equation (4.23), at order ε 0 , one obtains
After integration with respect toỹ, this equation becomes
Integrating again fromỹ to (1 + δ ) and using the fact thatũ 0 1 = 0 at the upper boundary, one gets
Similarly, by considering the second elasticity equation (4.24) from the elasticity system at order ε 0 , integrating twice with respect toỹ, and using the boundary conditioñ u 
Expansion of solid-fluid interface condition.
The last step in obtaining an expression for the boundaryγ(x), and thus a closed-form expression for the upscaled equation (4.38) , is to consider the interface condition (2.19) for the continuity of the normal component of the stress tensor. Consider first the fluid stress T f . Using (4.9) and (4.10) as well as (2.10) and (2.11), T f becomes
Next, the expansions for velocity and pressure from (4.25) are substituted into (4.42) to obtain
Second, consider the solid stresses S s and substitute the asymptotic expansion (4.26) forũ 1 ,ũ 2 into (4.22) to obtain, at order ε 0 , 
Using this last result, the normal component of the zeroth order term for the stress tensor can be calculated at the interface. This is done at the reference configuration, for which the normal is simply n 0 = e 2 :
Note that the last equation cannot be compared directly with (4.43) , as the first is in Lagrangian coordinates, while the former is in Eulerian coordinates. However, the point (x, 1), at the interface in the reference configuration, corresponds to the interface point (x E ,γ(x E )) in the Eulerian formulation, where
The fluid stress force at the interface in the reference configuration is given by the expression at the left-hand side in the formula (2.19). To use (2.19) one needs the leading order of the deformation gradient: 
+ O(ε).
A direct consequence of (4.48) is that we do not have a longitudinal displacement at zero order, i.e.,ũ 0 1 = c 1 (x) = 0. This result greatly simplifies the link (4.45) between the Lagrangian and the Eulerian formulations. Now (x, 1) transforms into (x,γ(x)), and hence
Next, with the help of (4.41), the vertical displacement is found to be
Equation (4.49) leads to the following expression for the interface position:
Equivalently, in dimensional variables,
Permeability of a long elastic channel.
When the formula for γ(x) given in (4.50) is substituted into (4.37), the permeabilityK is found to be
The last expression is a function only of the pressurep 0 , which implies that upscaled Darcy equation (4.38) can now be closed, and so it is fully defined in terms ofp 0 :
This section is concluded by giving the dimensional form of the permeabilityK and the upscaled equation (4.38) . Let the generic functionφ (cf. (4.35)) be given in dimensional form φ(x, y) =Φφ(x,ỹ) with some scaling factorΦ. It is straightforward to check that the y-average operator · y satisfies (4.54) φ(x, y) y := 1 2l
Therefore, the permeability K, in dimensional form, is obtained, with the help of (4.6), (4.9), (4.54), (4.37), (4.8), and (4.16), as (4.55)
Now, using (4.51), K is expressed as a function of pressure:
and the upscaled equation (4.53) (or, equivalently, (4.38)) in dimensional variables becomes
Equations (4.57) and (4.56) form a closed, nonlinear system, which, along with some appropriate boundary conditions, for example, Dirichlet data,
becomes a well-posed boundary value problem for the upscaled pressure p 0 . It is important to emphasize that in deriving this PDE equation we do not pass to the limit when ε = /L → 0. Rather, we calculate the leading-order terms for the longitudinal velocity and for the pressure field.
It is also useful to give some physical interpretation to the system (4.56), (4.57). Observe that using the expression (4.56) along with the first equality in (4.55), we see that the effective velocity (in dimensional form) is
This means that for a fixed pressure drop ∂ x p 0 (x), the ability of fluid to flow through a channel is proportional to a cubic function of the pressure p 0 (x) and to the reference channel half-width 2 divided by the fluid viscosity µ. In the situation of flow through a slit with rigid walls one has λ s , µ s → ∞; that is, the dependence on the pressure p 0 (x) disappears, and reduces to the classical case:
The difference comes from the proportionality factor (1 + p 0 (x) λs+2µs ) 3 , which, in the case of elastic walls, is different from identity and could be important. Thus, the nonlinear filtration law (4.59) distinguishes the flow through an elastic channel and includes the rigid walls channel as a special limiting case.
As a final remark, if we model our porous medium as a network of parallel capillary tubes, then their number will be of order −2 and the mass flow will remain constant when the tube diameter tends to zero.
Discretization of the coupled FSI system.
In this section we present a numerical method for the solution of the FSI problem. First, the continuum problems are recast in weak form in section 5.1 and then, in section 5.2, are discretized, giving rise to a nonlinear system of algebraic equations. Further, in section 5.3 an iterative procedure is presented, which solves the coupled FSI problem. It relies on the consecutive solution of solid and fluid subproblems. For a complete development a discussion on these subjects, including fractional Sobolev spaces, see [37] . Suppose that both Ω s 0 and Ω f are Lipschitz domains. Next, the standard elasticity bilinear form (cf. (2.3) ) is introduced for the elasticity part of the FSI problem:
(C : e(u)) : e(w)dp.
For the Stokes part the bilinear form
To write a weak form of the FSI problem, observe that the interface condition (2.19) can be treated as a nonlinear Neumann boundary condition for the solid problem only. Accordingly, we introduce the nonlinear form:
d be a distributed body force in the solid domain (specified in the reference configuration) and b ∈ H −1 (Ω f ) d be a distributed body force in the fluid domain (specified in the deformed configuration). After integrating by parts the balance of linear momentum for the solid and fluid, it is trivial to check that the boundary value problems (2.18)-(2.19) can be restated in the following weak form: Find the interface Γ I , the deformed configuration of the fluid domain Ω f , the
In addition v, p, and u should also satisfy the appropriate boundary conditions specified on ∂Ω\Γ I .
Discretization of the field variables.
In this section the finite element method (FEM) approximation for the FSI problem is introduced. Both the solid and the fluid problems are discretized using the FEM method. The elasticity problem is solved by standard linear triangular elements. That is, given a triangulation T s h of Ω s 0 , the finite-dimensional approximation space for the displacements is chosen to be
The Stokes problem is solved using the P 2 P 1 (Taylor-Hood) element pair. Given a triangulation T f h of Ω f the approximation spaces for the velocity and pressure are defined by
respectively. This element pair satisfies the so-called inf-sup condition (cf., e.g., [24] ); 4 that is, it provides a stable approximation to the Stokes problem alone. While many other elements are known to be LBB stable [27] , the Taylor-Hood element was chosen because it provides a balanced approximation for both velocity and pressure [5] .
Having defined the finite-dimensional subspaces for the displacements, velocity, and pressure, U u , U v , and U p , respectively, the first three equations in (5.2) lead to the following nonlinear system of algebraic equations: It is important to observe that the coupling between the fluid and the structure (2.16) appears on the right-hand side of (5.6) as the nonlinear vector function g(u, v, p) which corresponds to the form g Γ I 0 (·, ·, ·, ·).
Iterative solution to the FSI problem.
One way to solve the boundary value problems (2.18), (2.17) is to use an iterative scheme which successively solves separate problem on the two domains. Consider the following iterative process: Set
Continue the iteration until the interface Γ I k → Γ I . Since the matrix on the left-hand side of the above equation is block diagonal, the block corresponding to the fluid is solved first:
This step corresponds to solving the Stokes equation in the fluid domain, treating the solid as a rigid body. Once v k+1 and p k+1 are available, one can evaluate the nonlinear form g(· · · ). This is equivalent to computing the forces s k acting on the boundary of the solid part of the domain. Note that by definition of g (5.1), it correctly transfers the fluid stresses t k = T k n k defined by (2.11) in the deformed configuration to their equivalent s k = S k n 0 in the reference configuration of the solid. Then the block corresponding to the solid, i.e., (5.9)
is solved (in the reference solid configuration), leading to a new iterate u k+1 which satisfies the balance of linear momentum (2.7) in Ω s k with Sn 0 = s k . Once u k+1 is available, the new position of the interface can be computed:
This implies that a new fluid domain Ω f k+1 is available and the iterative step (5.7) can be repeated again, until the interface converges to a fixed position. It is clear that if the interface converges, we will have a velocity and a pressure field which satisfy the Stokes equations (2.12), (2.13) and a displacement field which satisfies the elasticity equation (2.7), and, as a result of the converged interface, the interface condition (2.16) will also be satisfied.
The two discretized domains have piecewise straight boundaries, and so the use of linear approximation for the displacement field (5.3) simplifies things because Γ I k will remain piecewise straight at each iteration (5.7) and the two meshes will be pointwise conforming at all times. The interface condition (2.14), however, is enforced only weakly, because the stresses in the solid are piecewise constants while the stresses in the fluid are piecewise linear functions.
5 Note that both are discontinuous across elements. Investigation of curvilinear interface boundaries and/or higher-order approximation spaces for the elasticity problem was outside the scope of this work.
Solution methods for the fluid and solid subproblems.
Clearly the above iteration (5.7) requires the solution, at each step, of the linear systems (5.8) and (5.9), corresponding to the Stokes and elasticity subproblems, respectively. In general, the block matrices appearing in, (5.7) are large sparse matrices, and so they can be stored efficiently in machine memory; however, inverting them explicitly is computationally expensive, and the resulting matrices are dense. Therefore, at each iteration (5.7) instead of computing and applying directly the inverse matrices in (5.8) and (5.9) one solves the equivalent linear systems by an iterative method. Since these two systems have to be solved once at each iteration of (5.7), it is important that this is done efficiently.
The solution of linear systems arising in standard FEM discretizations such as linear triangles is a fairly standard subject (cf., e.g., [4] ). The method used here for solving (5.9) is the one of [10, 41] . It uses a preconditioned conjugate gradient (PCG) method ( [29, 33, 25, 49] ), with a particular MIC(0) factorization on the diagonal blocks of K. For a detailed description of the MIC(0) preconditioner the reader is referred to [10] . The Stokes system (5.8) is more complicated to solve efficiently [14, 53, 5] . The method used in this work is to solve it with a PCG iteration for the pressure Schur complement [53, 39] . The preconditioner is a mass matrix on the pressure space [53] . Each PCG iteration requires an inversion of the velocity matrix A, which is done by a second, internal PCG, preconditioned by an ILU preconditioner [49] . A detailed description of the entire solution procedure can be found in [48] . 
Fluid mesh regeneration.
At the beginning of the iteration (5.7) one has a conforming triangulation of both the solid and the fluid domains. At the end of each iterative step the fluid domain is updated, and as a result, the mesh also has to change. On the other hand, the elasticity equation is always solved in the original configuration, and so the elastic mesh remains unchanged. Since only conforming meshes are considered, the modification of the fluid mesh must be such that conformity is maintained on Γ I . That is, when the interface is deformed using the computed displacement u k+1 , solid vertices will coincide with fluid vertices, and solid segments (faces in three dimensions) should coincide with fluid ones.
The easiest approach is to move the interface vertices of the fluid mesh, which will affect only the elements which contain them. This will work as long as the interface displacements are small compared to the local mesh size. If the mesh size near the interface is comparable to the displacements of the interface, the mesh can lose quality or completely degenerate if a vertex is moved into another element (Figures 5 and 6) . As a result, given the domain and boundary condition, the mesh size in the fluid domain cannot be too small. Such a restriction is clearly unacceptable. It can be overcome either by globally modifying the existing mesh, for example, by solving an artificial elasticity problem in the fluid domain, or by remeshing it (locally or globally).
The global remeshing approach is selected here because of the ready availability of mesh generators which could do that. As the new fluid domain Ω f k+1 is computed at the end of each step (5.7), the elements with vertices on the interface are modified, and if the resulting mesh has poor quality and/or it degenerates, then the entire fluid domain is remeshed, retaining the same boundary segments in two dimensions and the same interface faces in three dimensions. Note that in three dimensions, in addition to the entire volume mesh, one also has to modify part of the surface mesh, as can be seen from Figure 6 , while keeping the interface conforming. In principle local regeneration of the mesh (after removing low quality/degenerate elements) is an interesting possibility which can significantly speed up the process; however, developing the software necessary to utilize this strategy was outside the scope of this work.
Numerical examples.
Several numerical tests related to upscaling of flow in deformable porous media are discussed here. It is shown that the developed solver can be used for solving cell problems related to the poroelasticity as well as for solving microscale problems related to the above derived nonlinear Darcy law.
Three model problems are considered in order to test the iterative scheme of section 5.3. The first two model problems involve flow in the elastic channel geometry of section 4, while the third one is for a channel with an elastic segment. The first model problem is used to demonstrate the convergence properties of the iterative scheme with regard to various problem parameters. The second problem is set up in the same type of geometry, but with slightly different boundary conditions, so that a comparison can be made between the numerical solutions and the asymptotic solution of section 4. The last problem of flow in a channel with an elastic segment demonstrates the highly nonlinear dependence of permeability on the pressure gradient across the channel. 6 The computed pressure and velocity profiles are displayed in Figure 8(a)-8(b) .
Next, the problem is solved for several values of V max and three different mesh sizes. This is done in order to get a preliminary idea of the convergence rate sensitivity of the iterative scheme to the inflow velocity and mesh size. The number of iterations it took to reach relative precision 10 −6 is reported in Table 6 .1. Also given in the table is the maximum vertical displacement in the solid. Based on the nondimensional analysis of section 4 for this problem, varying input velocity V max is the same as varying the elastic stiffness E or fluid viscosity µ.
It can be concluded from this table that the iteration numbers depend on the inlet velocity which in turn directly affects the magnitude of the interface displacement. In general, numerical experiments suggest that the important parameter is the magnitude of the interface displacements. On the other hand, the iteration convergence rate does not seem to depend on the mesh parameters. The iteration numbers for the remaining numerical examples in sections 6.2 and 6.3 followed a similar pattern and are not reported.
Finally, the authors are not aware of any general results on the convergence of the iterative algorithm of section 5.3. However, using, for example, the maximum displacement of the interface one sees that it stabilizes as h decreases for each case of inlet velocity, which can be interpreted as an indication that the algorithm is convergent. The next example verifies this much more rigorously by using the asymptotic solution developed in section 4.
6.2. Permeability of porous medium formed by parallel arrangement of long elastic channels. Recall that one of the first derivations of Darcy's law for flow in rigid porous media was done for a medium which is an arrangement of long parallel channels with rigid walls: Darcy's law follows by averaging Poiseuille flow in these channels. In a similar way, we will evaluate the pressure drop/flow rate dependence for a single long channel with elastic walls; permeability of a porous medium formed by such channels can be obtained straightforwardly.
While the figures presented in the previous numerical example look reasonable from a physical standpoint, in the absence of exact analytical solutions it is difficult to verify the quality of the numerical solution. It may happen that the continuous problem (5.2) is not well posed. It may also happen that the selected numerical approximations (5.3)-(5.5) are not stable ones; that is, the stationary FSI problem (5.2) does have a unique solution, but the FEM subspaces (5.3)-(5.5) do not lead to a convergent method.
The asymptotic solution developed in section 4 for a long elastic channel can, however, be compared with a numerical one. The asymptotic formulae (4.51) and (4.56) are derived based on several assumptions (see section 4) and without analysis of the rate of convergence with respect to the small parameter ε. However, if both the asymptotic solution and the numerical one converge to the actual one, then we should also observe convergence between the two of them. In this section we use the numerical method described in section 5.3 in order to validate the asymptotic formulae (4.51) and (4.56) and vice versa.
To do this, the elastic channel of Figure 4 is discretized for l = δ = 0.5. In this way, a y-periodic arrangement of this geometry will have solid and fluid regions of equal unit width. The boundary conditions are also modified, compared to the previous model problem. Instead of fixing both displacements at x = 0 and x = L we constrain only u 1 ; i.e., the end of the channel is now free to move in the vertical direction. Note that this does not represent a y-periodic boundary value problem, because u 1 = 0 at y = ±(l + δ). Also, the boundary condition for the fluid at the inlet x = 0 is a prescribed pressure, i.e, p(0, y) = P 0 . As in section 4 the half-width of the channel in the deformed configuration is denoted by γ(x).
The asymptotic expansion depends on two parameters: P 0 and ε = l/L. Several numerical results comparing the computed values for γ h , K h with the analytical ones γ, K are given in Tables 6.2 and 6 .3. The first shows the L 2 norm of the error and This indicates that as ε → 0 and h → 0 both the asymptotic and the numerical solution to the FSI problem converge to the actual one.
6.3. Flow through a channel with an elastic segment. In this problem a channel with a deformable segment (Figure 9 ) is considered. The channel has height H = 1 and length L = 14, and an elastic segment is located in the middle of the top channel wall. The segment has length 10, thickness 0.1, and elastic properties E = 12 * 10 6 and ν = 0.2. The fluid viscosity and density are again µ = ρ = 1. The segment is built into the rest of the wall at its two ends. The appropriate boundary conditions at the ends of the segment are therefore homogeneous Dirichlet boundary conditions for both displacements. Natural boundary conditions (zero tractions) are imposed on the top side of the segment. The lower side is the fluid-structure interface Γ sense to consider the pressure drop as an alternative to the average pressure gradient:
While the pressure gradient can be readily calculated from the flow solution, it is not immediately clear how to evaluate the pressure drop across the channel. However, thanks to the selection of material parameters and geometry dimensions the inlet is sufficiently away from the segment, and so the change in the flow downstream hardly affects the inlet pressure distribution, which is essentially constant along the y-direction. Similarly, the outlet is sufficiently separated from the end of the elastic segment, and the flow has time to redevelop to the parabolic Poiseuille distribution, as can be seen in Figure 10(a)-(b) . The results are summarized on Table 6 .4, and it is clear that both permeability measures behave nonlinearly as Q is varied. This can also be seen in Figure 11 , which showsK andK as functions of Q. As Q → 0 both of them tend to the permeability of a straight, rigid channel which can be calculated directly from the Poiseuille solution and in this case is equal to 1/12. Flow rate, Q Permeability Q/mean(dp/dx) Q/(∆p/L) Fig. 11 . Permeability of a channel with an elastic segment.
Conclusions.
In this paper, a poroelastic medium is considered, and the FSI problem at the microscale is presented. The displacements of the fluid-structure interface at the pore level are assumed large enough so that standard homogenization techniques leading to Biot-type equations on the macroscopic scale cannot be applied. An asymptotic analysis is then performed on a long elastic channel, and a nonlinear Darcy-type law for the y-averaged pressure is obtained. From this equation a nonlinear upscaled permeability-like functional is identified. This permeability is found to depend on the initial channel geometry, Lamé's constants for the solid, and the y-averaged pressure in the channel.
A FEM-based FSI solver is also presented. The solver successfully utilized a Dirichlet-Neumann iterative scheme for solving the FSI problem. Numerical computations are performed which are used to verify the numerical solutions in comparison with an asymptotic solution to the FSI problem. This increases the degree of confidence with which such numerical methods can be used. It also corroborates the asymptotic derivation.
Work on upscaling the poroelasticity problem and the related FSI equations can progress in multiple directions. When no restrictions are placed on the pore-level displacements, it is unlikely that closed-form macroscopic equations can be obtained for general geometries. However, numerical upscaling can be attempted, and the analysis in this work suggests that the average pressure at the pore level should be the most important upscaling parameter. Further, it will be helpful to compare microscale solutions to the FSI problem with macroscopic solutions of various macroscopic poroelastic equation and determine when the standard homogenization fails.
The iterative algorithm for the FSI problem can also be improved. At the end of each solid solution, one can attempt to perform a line search along the direction of the proposed interface displacement and try to correct it so that a certain residual is always reduced. One can also attempt to keep track of several possible interface correction displacements and favor new interface positions which are orthogonal to past displacements. Such work can improve both the convergence rate and the stability of the algorithm.
